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The power-law length (L) divergence of thermal conductivity (κ) in one-dimensional (1D) systems,
i.e., κ ∼ Lα, has been predicted by theories and also corroborated by experiments. The theoretical
predictions of the exponent α are usually ranging from 0.2 to 0.5; however sometimes, the experi-
mental observations can be higher, e.g., α = 0.6-0.8. This dispute has not yet been settled. Here
we show the first convincing evidence that an exponent of α ' 0.7 that falls within experimental
observations, can occur in a theoretical model of 1D long-range interacting Fermi-Pasta-Ulam chain.
This, for the first time, theoretically supports the possibility of a higher divergent exponent and
thus sheds new light on understanding of extremely high thermal conductivity in 1D materials at
macroscopic scales.
Anomalous thermal transport in one-dimensional (1D)
systems has been a topic of both theoretical and practical
interest for several decades [1–3]. This anomaly means
that the “standard” thermal transfer law, i.e., Fourier’s
law:
J = −κ∇T, (1)
which states that the heat current J is proportional to
temperature gradient ∇T with κ the thermal conduc-
tivity being constant for a bulk material, is not valid.
Instead, κ shows a sublinear power-law divergence as in-
creasing system size L, i.e., κ ∼ Lα (0 < α < 1). This
issue is in part motivated by the recent carbon nanotubes
(CNTs) technology [4, 5], and also by the desire to un-
derstand the microscopic origin of non-Fourier’s thermal
transport. Additionally, recently how to efficiently con-
trol heat is a fascinating topic, which has led a new field
of phononics emerging [6–10].
Indeed, continuous efforts of theoretical studies on
classical coupled oscillator models with nearest-neighbor
(NN) interactions, such as the Fermi-Pasta-Ulam (FPU)
systems, and experimental investigations on 1D CNTs
have confirmed such anomalous effects in a quite good
level. The theoretical predictions of α are varying from
0.2 to 0.5 [11, 12], which has been experimentally cor-
roborated in 1D single-walled CNTs [4, 5]. However,
the same experiments performed on 1D multi-walled
CNTs [4] showed that α can be even higher (α = 0.6-
0.8). As real systems are usually plagued with many
effects, such as defects, isotopic disorders, and impurities
that would greatly lower down the divergence, this poses
a fundamental question: Is there any theoretical model
free of such effects can support a high divergent exponent
comparative to experimental observations?
In this Letter we show that a new class of α ' 0.7 that
falls within α = 0.6-0.8 can achieve in a theoretical model
of long-range (LR) interacting FPU chain. This provides
the first theoretical possibility of a higher α that reported
in some 1D materials. It also suggests the need to extend
the study of 1D thermal transport in systems beyond
short-range (SR) interactions. In principle this indicates
new directions for exploring thermal transport [13].
Before proceed, we would like to stress that the study
of thermodynamics in LR interacting systems is certainly
far from trivial and of its practical interest. Theoretically,
LR interactions are ubiquitous in many physical systems,
ranging from self-gravitating systems to nanoscale sys-
tems, and to quantum systems [14–17]. These LR in-
teracting systems can display many peculiar features,
such as ensemble inquivalence, the lack of additivity, and
anomalous diffusion of energy. Practically, the present
technology allows to fabricate materials with LR interac-
tions. The Coulomb crystals [18], Ising pyrochlore mag-
nets [19, 20], and permalloy nanomagnets [21] are some
of the noticeable examples.
Our model is a FPU type system of N particles includ-
ing LR interactions with Hamiltonian
H =
N∑
i
p2i
2
+
1
2
(xi+1 − xi)2 + 1
4
N∑
j 6=i
(xj − xi)4
|j − i|σ
 ,
(2)
where xi is the ith particle’s displacement from its equi-
librium position; pi is its momentum; |j − i|σ represents
the interaction strength of the ith particle with its |j−i|th
neighborings (σ denotes the range value of LR exponent).
Its thermal conduction properties have been studied by
the usual method [22], i.e., directly coupling two thermal
reservoirs to two ends of the system [23]. However, when
one performs studies like that, the nonadditivity of the
system will cause the central bulk particles and the two
thermalized ends implicitly identified. This results that
eventually the whole system may display properties that
do not correspond to the original one. Due to this, it has
been pointed out that one needs to distinguish between
heat flows towards or from the reservoirs and those within
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2the system [24]. Viewing this, here we use an alternative
approach that called “reverse nonequilibrium molecular
dynamics (RNEMD)” method [25, 26] to perform our
study. This method can get rid of such boundary effects
and wherein the heat current is naturally defined.
Note that our model only considers the LR interactions
in the quartic anharmonic term [22], which differs from
the model in [24], but this does not violate our general
conclusion [27]. In addition we are not going to include
the Kac scaling factor N˜ = 1N
∑N
i=1
∑N
j 6=i |j− i|−σ. This
factor was designed to restore the system’s extensivity as
increasing system size, but it does not help improve sys-
tem’s nonadditivity [17]. It only constructs an “artificial”
extensive system, but our cost for thermal transport is
that the phonon’s group velocity should depend on sys-
tem size, which is an unwanted effect. In fact, when
looking at dynamical aspects, for a correspondence be-
tween both treatments, the only difference is that time
should be N˜1/2 scaled [28].
We shall focus on the case of σ = 2 and also present
the result of σ = 8 for comparison. The latter might
correspond to the FPU model with NN interactions, al-
though this equivalence requires σ → ∞. The former
is of particular interest since wherein ballistic transport
(α ' 1) [22] has been conjectured. As both systems are
obviously nonintegrable, one might attribute this to the
strong finite-size effects. In fact, it has been pointed out
that for this reason, to gain convincing results for σ = 2
is extremely hard [24]. But anyway, this implies new
physics. Another reason for σ = 2 of interest is that the
system under zero temperature can support free-tail trav-
elling discrete breathers (DBs) [29]. Then one might ask:
what will happen of these moving excitations at finite-
temperature systems and how they would affect trans-
port?
The RNEMD method produces temperature gradient
in an unusual way. Unlike the traditional approach [23]
to directly induce ∇T , it imposes the heat current by fre-
quently exchanging particles’ kinetic energy (or momen-
tum). While the nonequilibrium stationary state reaches,
∇T will establish. This “reversion” makes such method
an ideal candidate for studying thermal transport in LR
interacting systems. We also note that the vasp [30] and
lammps [31] codes modified to such method have been
widely used.
We implement the method in such a way: First, peri-
odic boundary conditions are used and the chain forms
like a ring. The ring is then decomposed into M = 32
equaling slabs (each contains n = N/M particles). We
give each slab a serial number and label the cold one
slab 1 and accordingly, the hot one slab M/2 + 1. This
labeling allows us to interchange the momentum of the
hottest particle in slab 1 with that of the coldest particle
in slab M/2 + 1 at a frequency fexc = 0.1. Such in-
terchanges cause a redistribution of kinetic energy of the
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FIG. 1: Temperature profile for σ = 2 (a) and 8 (b) with
L = 7680 (N = 16384). κ vs L for σ = 2 (c) and 8 (d).
The dashed lines denote κ ∼ Lα, suggesting α = 0.71 ± 0.01
(0.34± 0.01) for σ = 2 (c) [8 (d)].
system with an energy difference: ∆E =
∑ p2h−p2c
2 during
time t, where the subscripts h and c refer to the hottest
and coldest particles whose momenta are exchanged, and
the sum runs over all exchange events in time t. As
a consequence, the relaxation of energy difference will
drive two heat currents to flow from hot to cold slabs
along the two semiring sides bridging them (each side has
an effective length L = N/2 − n). After the stationary
state eventually reaches, the long-time averaged current
across each side is defined by 〈J〉 = limt→∞ ∆Et , accord-
ingly the time averaged kinetic temperature of each slab
is 〈Tk〉 = 1nkB
∑nk
i=n(k−1)+1 p
2
i , where kB is the Boltz-
mann constant (set to be unit) and the sum runs over all
n particles in slab k. The heat conductivity κ can then
be obtained by κ = −〈J〉/∇T according to Fourier’s law,
with ∇T being evaluated over the slabs between the cold
and hot ones.
We start our calculations with several fully thermal-
ized systems under T = 0.5. These systems are evolved
by velocity-Verlet algorithm [32] with a time step 0.01,
that guarantees energy conservation with a relative ac-
curacy of O(10−5). As for LR interacting systems the
calculations for force at each time step that demands
O(N2) operations is extremely huge, we adopt an algo-
rithm based on the Fast Fourier Transform [33] to accel-
erate our computations. With this, a transient stage of
time 106 for system to reach the stationary state, is dis-
carded, and the next evolution of time 106 is performed
for average.
Figures 1(a,b) depict two typical temperature profiles
for σ = 2 and 8. In both cases a well-behaved tempera-
ture gradient is identified. The difference is that ∇T for
σ = 2 is much smaller than that for σ = 8. Despite this
difference, both results are obviously not the case of flat
temperature profile of ballistic transport shown in inte-
grable systems [34, 35]. Therefore, here the integrable
dynamics is excluded.
Figures 1(c,d) show the result of κ(L). As usual, κ ∼
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FIG. 2: ρQ(m, t) for several t for σ = 2 (a) and 8 (b).
(c) and (d) give the corresponding rescaled ρQ(m, t) [as
t1/γρQ(m/t
1/γ , t)]. The inset shows ρQ(0, t) vs t to derive
the exponent γ.
Lα has been observed. This is the case for σ = 2 for all
considered range of L. While for σ = 8 an asymptotic
behavior only achieves for large L as the crossover to
the NN interaction model. Indeed, the best fitting gives
α = 0.34 ± 0.01, which is very close to the prediction of
α = 13 in FPU chains with NN interaction [36] and within
the recent predicted two universality classes of α [37, 38].
Remarkably, for σ = 2, we obtain an enhanced κ (at least
one order of magnitude compared to σ = 8 for the same
L) and a quite large α (' 0.71). We emphasize that
this α just falls within the experimental observations of
α = 0.6-0.8 in 1D multi-walled CNTs [4], and thus it
can be expected, as L approaches macroscopic scales, an
extremely high thermal conductivity can achieve, which
undoubtedly suggests potential applications. From the
theoretical point of view, this indicates new dynamical
mechanisms for thermal transport.
We explore such mechanisms from the following three
aspects. First, it is rooted in a new heat diffusion pro-
cess. This exhibits in the propagation of heat fluctuations
following a new shaped density with a new scaling. To
characterize such process, we employ the spatiotemproal
correlation function [39, 40]
ρQ(m, t) =
〈∆Ql+m(t)∆Ql(0)〉
〈∆Ql(0)∆Ql(0)〉 (3)
of local thermal energy Ql(t) = El(t) − (〈E〉+〈F 〉)gl(t)〈g〉 .
Here, due to the translational invariance, the correla-
tion depends only on the relative distance m; 〈·〉 rep-
resents the spatiotemporal average; l labels a coarse-
grained bin’s number similar to that adopted in the
RNEMD method (each bin has n = 8 particles). In
the definition of Ql(t), gl(t), El(t) =
∑
k Ek(t) (Ek =
p2k
2 +
1
2 (xk+1 − xk)2 + 14
∑N
j 6=k
(xj−xk)4
|j−k|σ and the sum runs
over all particles within bin l), and Fl(t)(〈F 〉 ≡ 0) corre-
spond to the particle number, energy and pressure den-
sities at time t, respectively.
Figures 2(a,b) depict ρQ(m, t) for several t. The cal-
1 0 2 1 0 3
0 . 0 0
0 . 0 5
0 . 1 0
0 5 1 00 . 0
0 . 2
T o d a
 = 8
 = 2  
 
 m
ax
N
 m
ax

 = 2
FIG. 3: λmax vs system size N for Toda chain, σ = 2, 8 (from
bottom to top). The inset shows λmax vs σ.
culations are performed under several equilibrium states
of T = 0.5 and N = 4096. As usual, for σ = 8, there
are several Le´vy walk-like profiles [41] with a slowly re-
laxed central peak together with two side peaks moving
ballistically [see Fig. 2(b)], like what observed in the SR
interacting models. In contrast, for σ = 2, ρQ(m, t) in-
deed shows a new shape [see Fig. 2(a)]. Remarkably, the
central peak for a long time now turns to a platform, in-
dicating a much faster relaxation. We have checked that
the short time’s ρQ(m, t) behaviors similarly to the sort
of ballistic transport [42], and thus our long-time scaled
dynamics by excluding the Kac scaling does help reveal
the real regime of transport.
We figure out this new transport regime by studying
ρQ(0, t) with t [see the insets of Fig. 2]. It shows a good
scaling ρQ(0, t) ∼ t−1/γ with γ ' 10.78 ' 1.29 (σ = 2)
and γ ' 10.66 ' 1.51 (σ = 8), respectively. With this, the
rescaled ρQ(m, t) is plotted accordingly by
t1/γρ(m, t) ' ρ(t−1/γm, t). (4)
This scaling formula is based on the Le´vy walk the-
ory [41]. As shown, it is only well satisfied for σ = 8 (es-
pecially the central parts), and for σ = 2 [see Fig. 2(c)],
to see an excellent collapse requires much longer time.
However, this does not mind our using such a formula.
In fact, another relation α = 2−γ [41] based on the same
theory connecting γ to α just gives an excellent estima-
tion α ' 2 − 1.29 = 0.71, in agreement with our above
thermal conduction calculation.
Second, the new exponent seems related to system’s
weaker nonintegrability. The nonintegrability is featured
by the maximal Lyapunov exponent λmax (> 0) (see
Fig. 3), obtained from the standard Benettin-Galgani-
Strelcyn technique [43]. As comparison, another com-
pletely integrable Toda chain [35, 44] with λmax = 0 is
also demonstrated. As shown, λmax for σ = 2 just lies
in between the results of σ = 8 and Toda chain, and
this seems not changed as further increasing system size.
It thus indicates weaker nonintegrability of the system
compared to the SR interacting model. Indeed, the non-
monotonic variation of λmax on σ (see the inset) also con-
firms this [22], but the integrable dynamics is certainly
ruled out. Therefore, a weaker nonintegrability seems to
provide a mechanism to raise the divergent exponent.
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FIG. 4: ωDB (a) and θDB (b) vs ADB. DB’s coordinate j vs t
for σ = 2 (c) and 8 (d) for several vDB for ADB = 1.6.
Third, we conjecture that this weaker nonintegrability
can make the system support a new type of excitations—
the free-tail travelling DBs [29], and it is these moving
DBs together with their relatively weak interactions lead-
ing to the high divergence. To verify this is of interest
but usually greatly challenging since it is hard to catch
out these moving excitations at equilibrium states due to
their mobility. Viewing this we choose to first present
some evidence for moving DBs at zero-temperature sys-
tems (see Fig. 4). This is explored by using the following
ansatz [45]:
xj(t) =
(−1)jADB cos[ωDBt+ vDB(j − x0)]
cosh[θDB(j − x0)] . (5)
Here ADB (ωDB; vDB; θDB) parameterizes DB’s ampli-
tude (frequency; velocity; inverse width). For a standing
DB with vDB = 0, one can set ADB and find θDB using
a trial and error method [45], which minimizes the oscil-
lations of ADB. As soon as θDB has been obtained, we
then calculate ωDB. This gives a general relation for ωDB
and θDB versus ADB [see Figs. 4(a,b)]. The moving DB
can then be excited by applying Eq. (5) as initial condi-
tion for chosen ADB and vDB. As examples, we measure
several DBs’ real propagations under ADB = 1.6 and sev-
eral vDB [see Figs. 4(c,d)]. As shown, DBs for σ = 2 can
move freely for all studied initial vDB, but in contrast,
the velocities of DBs for σ = 8 slows down and some
times these DBs stop. This clearly demonstrates the dis-
tinction of DBs for σ = 2 and 8. We secondly study the
spatiotemporal evolutions of local energy densities Ei(t)
under equilibrium states for two-time scales (t = 100 and
1000) to visualize DBs’ interactions at finite-temperature
systems (see Fig. 5). The evolutions are obtained by con-
sidering a short chain with N = 200. The chain is first
thermalized to T = 0.5, then the thermal baths are re-
moved and the results are recorded and displayed by a
suitable time step [∆t = 1(10) for t = 100(1000)]. As in-
dicated, both σ = 2 and 8’s short-time scaled dynamics
exhibit transport similar to the ballistic regime. This ex-
plains the ballistic scaling observed in short time. In con-
trast, for a relatively long-time scale, the ballistic regime
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FIG. 5: Spatiotemporal evolution of energy densities Ei(t) at
thermal equilibrium. Left (right) column: σ = 2 (8). Upper
(lower) panel: short (t = 100) [long (t = 1000)] time with
time step ∆t = 1 (10).
for σ = 8 disappears, suggesting strong interactions be-
tween heat carriers. But this is apparently not the case
for σ = 2: the signature of the localized excitations is
still recognized, but probably due to their weak inter-
actions, their identification now becomes weaker. Both
evidences for zero- and finite-temperature systems are in
good accord with our conjecture.
To summarize, we have presented a striking result that
a high length-divergent exponent α ' 0.71 of thermal
conductivity can occur in a theoretical model of LR in-
teracting FPU chain under an appropriate range value.
This finding is of fundamental importance as it provides a
solid theoretical possibility for the sufficiently high ther-
mal conductivity observed in some 1D materials, thus
pointing towards new manipulations of heat in prac-
tice [46, 47]. It also opens up new avenues for exploring
thermal transport as the new divergence surely indicates
new mechanisms.
We have revealed that the higher α is related to sys-
tem’s more rapid heat propagation, weaker chaotic dy-
namics, and also the new dynamics of travelling DBs.
A new shaped heat propagating density is found and its
scaling γ ' 1.29 can be connected to α by α = 2 − γ
from Le´vy walk theory. This suggests that the Le´vy
walk model, of appropriate variations, is still useful for
understanding transport in LR interacting systems. Sys-
tem’s weaker nonintegrability is confirmed. It indicates
that although system’s chaotic dynamics is not an ingre-
dient necessary for invalidity of Fourier’s law [23], the
strength of nonintegrablity does influence system’s ther-
mal conduction, thus paving new way to use nonlinearity
to control transport. More-interestingly, this weaker non-
integrability can result in peculiar dynamics of travelling
DBs at thermal equilibrium and this seems responsible
for the high α. All these evidences would undoubtedly
encourage more studies of thermal transport.
Final remark: As our findings (α ' 0.7) are obviously
deviated from those (α = 1, ballistic transport) in [22]
5by a different protocol of simulations and currently it is
difficult to evaluate whether the results from both pro-
tocols are actually equivalent, one might reconsider this
issue in the future.
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